Abstract. -In this work we present the concept of tame C-semianalytic subset of a real analytic manifold M and study the main properties of this type of sets. Tame C-semianalytic sets can be understood as globally defined semianalytic sets with a neat behavior with respect to Zariski closure. This fact allows us to develop a natural definition of irreducibility and the corresponding theory of irreducible components for tame C-semianalytic sets. These concepts generalize the parallel ones for: complex algebraic and analytic sets, C-analytic sets, Nash sets and semialgebraic sets.
Introduction
Irreducibility and irreducible components are usual concepts in Geometry and Algebra. Both concepts are strongly related with prime ideals and primary decomposition of ideals. There is an important background concerning this matter in Algebraic and Analytic Geometry. These concepts has been satisfactorily developed for complex algebraic sets (Lasker-Nöther [L] ), complex analytic sets and Stein spaces (Cartan [C1] , Forster [F] , Remmert-Stein [RS] ), global real analytic sets introduced by Cartan (also known as C-analytic sets, Whitney-Bruhat [WB] ) and Nash sets (Efroymson [E] , Mostowski [M] , Risler [R] ).
Recall that a subset X of a real analytic manifold M is (real) analytic if for each point x ∈ M , there exists an open neighborhood U x such that X ∩ U x = {f 1 = 0, . . . , f r = 0} ⊂ U x for some f 1 , . . . , f r ∈ O(U x ). The global behavior of real analytic sets could be wild as it is shown in the exotic examples presented in [BC, C2, WB] and this blocks the possibility of having a reasonable concept of irreducibility. A subset X ⊂ M is a C-analytic set if X = {f 1 = 0, . . . , f r = 0} for some f 1 , . . . , f r ∈ O (M ) . The difference with analytic sets focuses on the global character of the functions defining X. As we have already mentioned, C-analytic sets have a good global behavior that enables a consistent concept of irreducibility.
In Real Geometry also appear naturally sets described by inequalities. Recall that a subset S ⊂ R n is semialgebraic if it has a description as a finite boolean combination of polynomial equalities and inequalities. In [FG] we presented consistent concepts of irreducibility and irreducible components and it is natural to wonder it they extend to the semianalytic setting.
A subset S of a real analytic manifold M is semianalytic if for each point x ∈ M there exists an open neighborhood U x such that S ∩ U x is a finite union of sets of the type {f = 0, g 1 > 0, . . . , g r > 0} ⊂ U x where f, g i ∈ O(U x ) are analytic functions on U x . This class, that includes analytic sets, is too large to afford the concepts of irreducibility and irreducible components and we must reduce it in order to have any chance of success. As it happens with C-analytic sets, some 'global restriction' should be required. In [ABF] we have recently introduce a class of globally defined semianalytic sets.
A subset S of a real analytic manifold M is a C-semianalytic set if for each point x ∈ M , there exists an open neighborhood U x such that S ∩U x is a finite boolean combination of equalities and inequalities on M , that is, S ∩ U x is a finite union of sets of the type {f = 0, g 1 > 0, . . . , g r > 0} where f, g i ∈ O(M ) are global analytic functions. The difference with classical semianalytic sets concentrates on the fact that the analytic functions defining S in a small neighborhood of each point of M are global. A particular relevant family of C-semianalytic sets is that of global C-semianalytic sets [AC, Rz1, Rz2, Rz3] . A global C-semianalytic subset S of M is a finite union of basic C-semianalytic sets, that is, a finite union of sets of the type {f = 0, g 1 > 0, . . . , g r > 0} where f, g j ∈ O(M ). One deduces using paracompactness of M that C-semianalytic sets coincide with locally finite unions of global C-semianalytic sets [ABF, Lem.3.1] . We refer the reader to [ABF] for a careful study of C-semianalytic sets.
A second requirement to avoid pathologies should be that 'Zariski closure preserve dimensions'. The Zariski closure of a subset E ⊂ M is the smallest C-analytic subset X of M that contains E. We define the dimension of a C-semianalytic set S ⊂ M as dim(S) := sup x∈M {dim(S x )} and refer the reader to [ABR, VIII.2.11] for the dimension of semianalytic germs. The Zariski closure of a C-semianalytic set is in general a C-analytic set of higher dimension (see Example 3.15). To guarantee a satisfactory behavior of Zariski closure we need an even more restrictive concept. A subset S ⊂ M is a tame C-semianalytic set if it is a finite union of C-semianalytic sets of the type X ∩ U where X ⊂ M is a C-analytic set and U ⊂ M is an open C-semianalytic set. In particular the Zariski closure of S has the same dimension as S.
In this work we prove that tame C-semianalytic sets admit a solid concept of irreducibility and a theory of irreducible components. Both generalize the parallel ones for: complex algebraic and analytic sets, C-analytic sets, Nash sets and semialgebraic sets mentioned above, that is, irreducibility or irreducible components of a set S of one of the previous types coincides with irreducibility or irreducible components when we understand S as a tame C-semianalytic set.
1.A. Main results.
We present next the main results of this work. 1.A.1. Main properties of tame C-semianalytic sets. The family of tame C-semianalytic sets is closed under the following operations: finite unions and intersections, interior, connected components, sets of points of pure dimension k and inverse images of analytic maps. However, it is not closed under: complement, closure, locally finite unions and sets of points of dimension k (see Examples 3.6 and 3.18). In addition a C-semianalytic set S ⊂ M is tame if and only if it is a locally finite contable union of basic C-semianalytic sets S i such that the family {S i zar } i≥1
of their Zariski closures is locally finite (after eliminating repetitions). As a consequence we show in Corollary 3.10 that the union of a locally finite collection of tame C-semianalytic sets whose Zariski closures constitute a locally finite family (after eliminating repetitions) is a tame C-semianalytic set. . We say that a Csemianalytic set S ⊂ X σ is A(X σ )-definable if for each x ∈ X σ there exists an open neighborhood U x such that S ∩ U x is a finite union of sets of the type {F | X σ = 0, G 1 | X σ > 0, . . . , G r | X σ > 0} where F, G i ∈ O(X) are invariant holomorphic sections. We denote the set of σ-invariant homolomorphic functions of X restricted to X σ with A(X σ ).
Theorem 1.1. Let F : (X, O X ) → (Y, O Y ) be an invariant proper holomorphic map, that is, τ • F = F • σ. Let S ⊂ X σ be a A(X σ )-definable and tame C-semianalytic set and let S ⊂ Y τ be a tame C-semianalytic set. We have (i) F (S) is a tame C-semianalytic subset of Y τ of the same dimension as S.
(ii) If T is a union of connected components of F −1 (S ) ∩ X σ , then F (T ) is a tame Csemianalytic set.
1.A.3. Tameness algorithm.
There exist many C-semianalytic sets that are not tame, see Examples 3.1 and 3.2. In addition the family of tame C-semianalytic sets is wider than the family of global C-semianalytic sets, see Example 3.3. In 3.D we develop an algorithm, involving topological and algebraic operations, to determine if a C-semianalytic set is tame.
1.A.4. Irreducibility. In the second part of the article we analyze the concept of irreducibility for tame C-semianalytic sets and develop a theory of irreducible components that generalize the classical ones for other families of classical sets that admit a structure of tame C-semianalytic set (complex algebraic and analytic sets, C-analytic sets, Nash sets, semialgebraic sets, etc.). In the algebraic, complex analytic, C-analytic and Nash settings a geometric object is irreducible if it is not the union of two proper geometric objects of the same nature. In the tame C-semianalytic setting this definition does not work because every C-semianalytic set with at least two points would be reducible. Indeed, if p, q ∈ S and W is open C-semianalytic neighborhood of p in M such that q ∈ W , it holds
where S ∩ W and S \ {p} are tame C-semianalytic sets.
In the previous settings the irreducibility of a geometric object X is equivalent to the fact that the corresponding ring of polynomial, analytic or Nash functions on X is an integral domain. This equivalence suggests us to attach to each tame C-semianalytic set S ⊂ M the ring O(S) of real valued functions on S that admit an analytic extension to an open neighborhood of S in M . We say that S is irreducible if and only if O(S) is an integral domain.
Our definition extends the notion of irreducibility for C-analytic, semialgebraic and Nash sets. In addition if X ⊂ C n is complex analytic set and X R ⊂ R 2n is its underlying real analytic structure, X is irreducible as a complex analytic set if and only if X R is irreducible as a C-semianalytic set.
1.A.5. Irreducibility vs connectedness. The irreducibility of a tame C-semianalytic set S has a close relation with the connectedness of certain subset of the normalization of the Zariski closure of S. Let S ⊂ M be a tame C-semianalytic set and let X be its Zariski closure. Let ( X, σ) be a Stein complexification of X together with the anti-involution σ : X → X whose set of fixed points is X. Let (Y, π) be the normalization of X and let σ : Y → Y be the anti-holomorphic involution induced by σ in Y , which satisifies π • σ = σ • π. Theorem 1.2. The tame C-semianalytic set S is irreducible if and only if there exists a connected component T of π −1 (S) such that π(T ) = S.
1.A.6. Irreducible components. We develop a satisfactory theory of irreducible components for tame C-semianalytic sets. As before, it holds that if S is either C-analytic, semialgebraic or Nash, then its irreducible components as a set of the corresponding type coincide with the irreducible components of S as a tame C-semianalytic set. In addition if X ⊂ C n is complex analytic set and X R ⊂ R 2n is its underlying real analytic structure, the underlying real analytic structures of the irreducible components of X as a complex analytic set coincide with the irreducible components of X R as a C-semianalytic set. Definition 1.3 (Irreducible components). Let S ⊂ M be a tame C-semianalytic set. A countable locally finite family {S i } i≥1 of tame C-semianalytic sets that are contained in S is a family of irreducible components of S if the following conditions are fulfilled:
In Theorem 5.9 we prove the existence and uniqueness of the family of irreducible components of an arbitrary tame C-semianalytic set S. In particular, we show the following. Theorem 1.4. There exists a bijection between the irreducible components of a tame C-semianalytic set S ⊂ M and the minimal prime ideals of the ring O(S).
The behavior of the Zariski closure of a tame C-semianalytic set S in a small enough open neighborhood U ⊂ M of S is neat with respect to the irreducible components. Proposition 1.5. Let S ⊂ M be a tame C-semianalytic set. There exists an open neighborhood U ⊂ M of S such that if X is the Zariski closure of S in U and {X i } i≥1 are the irreducible components of X, then {S i := X i ∩ S} i≥1 is the family of the irreducible components of S and X i is the Zariski closure of S i in U for i ≥ 1. In particular, if S is a global C-semianalytic subset of M , each S i is a global C-semianalytic subset of U .
The family {S i
zar } i≥1 of the Zariski closures of the irreducible components {S i } i≥1 of a tame C-semianalytic set is by Proposition 5.12 locally finite in M (after eliminating repetitions). Consequently, Corollary 1.6. Any union of irreducible components of a tame C-semianalytic S ⊂ M is a tame C-analytic set.
1.B.
Structure of the article. The article is organized as follows. In Section 2 we present all basic notions and notations used in this article as well as some preliminary results concerning the ring of analytic functions on a C-semianalytic set. We also include an Appendix A including some results about locally finite families. The reading can be started directly in Section 3 and referred to the Preliminaries and the Appendix only when needed. In Section 3 we study the main properties of tame C-semianalytic sets, we prove Theorem 1.1 and we present an algorithm to determine the tameness of a C-semianalytic set. The purpose of Section 4 is to understand the concept of irreducibility for tame C-semianalytic sets while in Section 5 we prove the existence an uniqueness of the family of the irreducible components of a tame C-semianalytic set. This requires the intermediate concept of weak irreducible components. We also study in Section 5 the relationship between the irreducible components of a tame C-semianalytic set and the connected components of its inverse image under the normalization map.
Acknowledgements. The author thanks Prof. F. Acquistapace and Prof. F. Broglia for many helpful discussions and suggestions during the preparation of this article. The author is also very grateful to S. Schramm for a careful reading of the final version and for the suggestions to refine its redaction.
Preliminaries on real and complex analytic spaces
Although we deal with real analytic functions, we make an extended use of complex analysis. In the following holomorphic refer to the complex case and analytic to the real case. For a further reading about complex analytic spaces we suggest [GR] while we remit the reader to [GMT, T] for the theory of real analytic spaces. The elements of O(X) := H 0 (X, O X ) are denoted with capital letters if (X, O X ) is a Stein space and with small letters if (X, O X ) is a real analytic space. All concepts appearing in the Introduction that involve a real analytic manifold M can be extended to a real analytic space (X, O X ) using the ring O(X) of global analytic sections on X instead of the ring O(M ) of global analytic functions on M .
2.A. General terminology. Denote the coordinates in C n with z := (z 1 , . . . , z n ) where
Let Ω ⊂ C n be an invariant open set and F : Ω → C a holomorphic function. We say that F is invariant if F (z) = F (z) for all z ∈ Ω. This implies that F restricts to a real analytic function on Ω ∩ R n . Conversely, if f is analytic on R n , it can be extended to an invariant holomorphic function F on some invariant open neighborhood Ω of R n . 2.A.1. Real and imaginary parts. Write the tuple z ∈ C n as z = x + √ −1y where x := (x 1 , . . . , x n ) and y := (y 1 , . . . , y n ), so we identify C n with R 2n . If F : Ω → C is a holomorphic function,
where
Assume in addition that Ω is invariant. Then (F ) :
are invariant holomorphic functions that satisfy F = (F ) + √ −1 (F ) . We have
so it is convenient not to confuse the pair of real analytic functions ( * (F ), * (F )) on Ω R with the pair of invariant holomorphic functions ( (F ), (F )) on Ω.
2.B.
Reduced analytic spaces [GMT, I.1] . Let K = R or C and let (X, O X ) be an either complex or real analytic space. Let F X be the sheaf of K-valued functions on X and let ϑ :
is called the reduction of (X, O X ) and (X, O X ) is reduced if and only if O X = O r X . The reduction is a covariant functor from the category of K-analytic spaces to that of reduced K-analytic spaces.
2.C. Underlying real analytic space [GMT, II.4] . Let (Z, O Z ) be a local model for complex analytic spaces defined by a coherent sheaf of ideals
Suppose that I is generated by finitely many holomorphic functions F 1 , . . . , F r on Ω. Let I R be the coherent sheaf of ideals of
Z ) be the local model for a real analytic space defined by the coherent sheaf of ideals I R . For every complex analytic space (X, O X ) there exists a structure of real analytic space on X that we denote with (X R , O R X ) and it is called the underlying real analytic space of (X, O X ). The previous construction provides a covariant functor from the category of complex analytic spaces to that of real analytic spaces. 2.D. Anti-involution and complexifications. Let (X, O X ) be a complex analytic space and let (X R , O R X ) be its underlying real analytic space. We regard both sheaves O X of holomorphic sections and O X of antiholomorphic sections on X as subsheaves of the sheaf O R X ⊗C (see [GMT, III.4.5] ). An anti-involution on (X, O X ) is a morphism of R-ringed spaces σ :
such that σ 2 = id and it interchanges the subsheaf of holomorphic sections O X with the subsheaf of antiholomorphic sections O X .
2.D.1. Fixed part space. Let (X, O X ) be a complex analytic space endowed with an anti-involution σ. Let X σ := {x ∈ X : σ(x) = x} and define a sheaf O X σ on X σ in the following way: for each open subset U ⊂ X σ , we set
is called the fixed part space of (X, O X ) with respect to σ. By [GMT, II.4.10] it holds that (X σ , O X σ ) is a real analytic space if X σ = ∅ and it is a closed subspace of (X R , O R X ). By Cartan's Theorem B the natural homomorphism
2.D.2. Complexification and C-analytic spaces [GMT, III.3] . A real analytic space (X, O X ) is a C-analytic space if it satisfies one of the following two equivalent conditions:
(1) Each local model of (X, O X ) is defined by a coherent sheaf of ideals, which is not necessarily associated to a well reduced structure (see 2.E). (2) There exist a complex analytic space ( X, O X ) endowed with an anti-holomorphic involution σ whose fixed part space is (X, O X ).
The complex analytic space ( X, O X ) is called a complexification of X and it satisfies the following properties:
(ii) The germ of ( X, O X ) at X is unique up to an isomorphism. (iii) X has a fundamental system of invariant open Stein neighborhoods in X.
(iv) If X is reduced, then X is also reduced.
For further details see [C2, GMT, T, WB] . Observe that if (X, O X ) is a complex analytic space, (X R , O R X ) satisfies by definition condition (1) above, so it is a C-analytic space and has a well-defined complexification.
2.E. C-analytic sets. The concept of C-analytic sets was introduced by Cartan in [C2, §7, §10] . Recall that a subset X ⊂ M is C-analytic if there exists a finite set S := {f 1 , . . . , f r } of real analytic functions f i on M such that X is the common zero-set of S. This property is equivalent to the following:
(1) There exists a coherent sheaf of ideals I on M such that X is the zero set of I. A coherent analytic set is C-analytic. The converse is not true in general, consider for example Whitney's umbrella.
2.E.1. Well-reduced structure. Given a C-analytic set X ⊂ M the largest coherent sheaf of ideals I having X as its zero set is I(X)O M by Cartan's Theorem A, where I(X) is the set of all analytic functions on M that are identically zero on X. The coherent sheaf O X := O M /I(X)O M is called the well reduced structure of X. The C-analytic set X endowed with its well reduced structure is a real analytic space, so it has a well-defined complexification as commented above.
2.E.2. Singular set of a C-analytic set. Let X ⊂ M be a C-analytic set and let X be a complexification of X. We define the singular locus of X as Sing(X) := Sing( X) ∩ M . Its complement Reg(X) := X \ Sing(X) is the set of regular points of X. Observe that Sing(X) is a C-analytic set of strictly smaller dimension than X. We define inductively Sing (X) = Sing(Sing −1 (X)) for ≥ 1 where Sing 1 (X) = Sing(X). In particular, Sing (X) = ∅ if ≥ dim(X) + 1. We will write X := Sing 0 (X) for simplicity.
2.E.3. Irreducible components of a C-analytic set. A C-analytic set is irreducible if it is not the union of two C-analytic sets different from itself. In addition X is irreducible if and only if it admits a fundamental system of invariant irreducible complexifications. Given a C-analytic set X, there is a unique irredundant (countable) locally finite family of irreducible C-analytic sets {X i } i≥1 such that X = i≥1 X i . The C-analytic sets X i are called the irreducible components of X. For further details see [WB] . 
is connected and π(Z) is irreducible by [N1, IV.1.Cor.1]. Thus, π(Z) is an irreducible component of Z and (Z, π| Z ) is the normalization of π(Z).
2.G. Analytic functions on a semianalytic set. Let T ⊂ M be a subset and let U ⊂ M be an open neighborhood of T . Denote the collection of all analytic functions on U that vanish identically on T with I(T,
of the zerosets Z(f ) := {x ∈ U : f (x) = 0} where f ∈ I(T, U ).
2.G.1. Sheaf of analytic germs on a semianalytic set. Fix a semianalytic set S ⊂ M and an open neighborhood U ⊂ M of S. Consider the coherent sheaf of ideals
is exact, the sheaf of rings O U /J U is coherent. Observe that H 0 (U, J U ) = I(S, U ). The exact sequence (2.1) induces by Cartan's Theorem B an exact sequence on global sections
is the ring of germs at S of analytic functions on M and that
Define the sheaf of ideals J S := I(S)O M | S , which is by [F, Cor.(I, 8) ] a coherent sheaf of ideals of O M | S . Consider the exact sequence
As J S and O M | S are coherent, the quotient sheaf O S is also coherent. In addition H 0 (S, J S ) = I(S). The exact sequence (2.2) induces by Cartan's Theorem B an exact sequence on global sections:
2.G.2. Ring of analytic functions on a semianalytic set. The ring
is constituted by those functions f : S → R that admit analytic extensions f :
where U runs over the open neighborhoods of S in M .
2.H. Some algebraic properties of saturated ideals. An ideal a of O(S) is saturated if it coincides with its saturation
Some basic immediate properties are the following:
We state next some results concerning primary ideals and primary decomposition of saturated ideals of the ring O(S). The proofs are by equality (2.4) similar to the corresponding ones for the ring O(X) where X is a C-analytic set. Thus, we only refer next to the corresponding result for O(X) and we do not provide further details. Recall that a family of ideals {a i } i∈I of O(S) is locally finite if the family of their zerosets {Z(a i )} i∈I is locally finite in S.
Lemma 2.3. Let q ⊂ O(S) be a primary ideal.
(i) Suppose Z(q) = ∅. Then f ∈ O(S) belongs to q if and only if the germ f x belongs to the stalk qO S,x for some x ∈ Z(q). (ii) The primary ideal q is saturated if and only if Z(q) = ∅.
Proof. The proof is analogous to that of [BP, 2.1] .
Lemma 2.4. Let {a i } i∈I be a non empty locally finite collection of saturated ideals of O(S). Let p be a saturated prime ideal of O(S) such that i∈I a i ⊂ p. Then there exists an index i ∈ I such that a i ⊂ p.
Proof. The proof is similar to the one of [dB, 2.2.10].
Definitions 2.5. A locally finite decomposition a = i∈I q i where {q i } i∈I is a locally finite family of saturated primary ideals of O(S) is said a primary decomposition if it is irredundant and the associated primes p i := √ q i are pairwise different.
A primary ideal q k ∈ {q i } i∈I is called an isolated primary component if p k := √ q k is minimal among the prime ideals {p i := √ q i } i∈I . Otherwise, it is called an immersed primary component.
Lemma 2.6. Let a be a saturated ideal of O(S). Then a admits a locally finite primary decomposition.
Proof. The proof is conducted similar to the one of [dB, 2.3.6] .
Lemma 2.7. Let a = i∈I q i be a primary decomposition for a saturated ideal a of O(S). Then the prime ideals p i := √ q i and the isolated primary components q i are uniquely determined by a, that is, they do not depend on the primary decomposition.
Proof. The proof is similar to that of [BP, 2.8] .
Primary decompositions enjoy the good behavior one can expect for radical ideals. One proves straightforwardly the following.
Corollary 2.8. Let a ⊂ O(S) be a saturated radical ideal and let a = i∈I q i be a primary decomposition of a. Then each q i is prime and the primary decomposition is unique.
Tame C-semianalytic sets
The class of tame C-semianalytic sets is the smallest family of subsets of M that contains C-analytic sets, open C-semianalytic sets and is closed for finite unions and intersections. A first example of tame C-semianalytic sets is basic C-semianalytic sets, that is, sets of the type S := {f = 0, g 1 > 0, . . . , g s > 0} where f, g 1 , . . . , g s ∈ O(M ). Consequently, global C-semianalytic sets and semialgebraic subsets of R n are tame C-semianalytic sets. We present next some enlightening examples.
Example 3.1 (C-semianalytic set that is not tame in any of its neighborhoods). For each k ≥ 0 consider the basic C-semianalytic set
Observe that the family {S k } k≥0 is locally finite, so S := k≥0 S k is a C-semianalytic set.
Observe that S is not a tame C-semianalytic subset of any open neighborhood U of S in R 3 because at the points {(0, 0, y) : y ≥ 0} the family of the Zariski closures {S zar k,U } n≥1 is not locally finite, so S zar = R 3 .
Example 3.2 (C-semianalytic set that is locally C-analytic but it is not tame). Let
for j ≥ 1 and k ∈ Z (see [WB, §11] ). The Zariski closure of S j is X j := k∈Z S kj . Define S := j≥1 S jj . It holds that for each x ∈ M there exists an open neigborhood U x such that S ∩ U x = {f = 0} ∩ U x for some f ∈ O(R 3 ). As j≥1 X j ⊂ S zar , we conclude that S zar = R 3 . Consequently, S is not a tame C-semianalytic set.
Example 3.3 (Tame C-semianalytic set that is not a global C-semianalytic set). Consider the C-semianalytic set S := k≥1 S k where
As S is an open C-semianalytic set, it is tame. We claim: S is not a global C-semianalytic set.
Otherwise there exist finitely many analytic functions g ij ∈ O(M ) not all identically zero such that S = r i=1 {g i1 > 0, . . . , g is > 0}. Notice that the boundary of S is contained in the the C-analytic set X = r i=1 s j=1 {g ij = 0}. Thus, there exist indices i, j such that g ij is not identically zero but it vanishes on infinitely many segments of the type (a k − ε k , a k + ε k ) × {1/k} for different k where a k ∈ (k, k + 1) and ε k > 0. But this implies that g ij vanishes identically in infinitely many lines of the type y = 1/k, so g ij = 0, which is a contradiction. Thus, S is not a global C-semianalytic set.
As one can expect C-semianalytic sets that are open subsets of C-analytic sets are tame.
Lemma 3.4. Let X ⊂ M be a C-analytic set and let S ⊂ X be a C-semianalytic set that is open in X. Then there exists an open C-semianalytic set W such that S = X ∩ W . In particular, S is a tame C-semianalytic set.
Proof. Fix a point x ∈ X and let U x be an open neighborhood of x in M such that S ∩ U x is a global C-semianalytic set. By [ABS, 3.1] there exists a finite union
which is an open C-semianalytic set. Observe that S = X ∩ W , as required.
3.A. Basic properties of tame C-semianalytic sets. The family of tame C-semianalytic sets is closed under:
• finite unions, • finite intersections, • inverse image under analytic maps between real analytic manifolds, • taking interior, • considering connected components or unions of some of them, • set of points of pure dimension k.
Proof. The first two properties are clear. For the remaining ones we proceed as follows.
3.A.1. Inverse image. Let f : M → N be an analytic map between real analytic manifolds and let S ⊂ N be a tame C-semianalytic set. Then f −1 (S) ⊂ M is a tame C-semianalytic set.
We may assume that S = X ∩ W where X is a C-analytic subset of N and W is an open C-semianalytic subset of
Interior. Let S ⊂ M be a tame C-semianalytic set and let X be its Zariski closure.
It holds that Int
3.A.3. Connected components. Let S ⊂ M be a tame C-semianalytic set and let {S i } i≥1 be the family of the connected components of S. We know by [BM, 2.7] that {S i } i≥1 is a locally finite family, so the connected components of S are open and closed subsets of S. Let F ⊂ {i ≥ 1} be any non-empty subset. We claim that T := i∈F S i is a tame C-semianalytic set. Notice that:
is an open C-semianalytic set. This last claim follows because the family {S i } i ∈F is locally finite and each Cl(S i ) is a C-semianalytic set [ABF, 3.A] . Consequently T is a tame C-semianalytic set.
3.A.4. Set of points of pure dimension k. Let S * (k) be the subset of points x ∈ S such that the germ S x is pure dimensional and dim(
is the set of points of S of local dimension j for j ≥ 0. Consequently, S * (k) is tame C-semianalytic.
Remarks 3.5. (i) A locally finite union of tame C-semianalytic sets is not in general a tame C-semianalytic set. Each C-semianalytic set is a locally finite union of basic C-semianalytic sets, but there are many C-semianalytic sets that are not tame.
(ii) Let U := R 3 \ S where S is the closed C-semianalytic set defined in Example 3.1. As U is an open C-semianalytic set, it is tame. However is complement S = R 3 \ U is not tame.
(iii) As we will see in the Example 3.18, the (C-semianalytic) set of points of local dimension k of a tame C-semianalytic set may not to be tame. 
Clearly S is a tame C-semianalytic set. We have
Consider the C-analytic set X := {z = 0} and observe that
which is not a tame C-semianalytic set. To that end observe that Cl(S) ∩ X zar = {z = 0} has dimension 2 while Cl(S) ∩ X has dimension 1. As X is tame, Cl(S) is not tame.
(ii) The closure T := Cl(S) in R 2 of the tame C-semianalytic set S in Example 3.3 is not a tame C-semianalytic set. To prove this one can apply Theorem 3.17 below.
3.B.
Characterization of tame C-semianalytic sets. In [ABF] we show that C-semianalytic set are countable locally finite unions of basic C-semianalytic sets. Here we obtain the corresponding result for tame C-semianalytic sets.
Proposition 3.7. Let S ⊂ M be a C-semianalytic set. Then S is tame if and only if there exists a countable locally finite family of basic C-semianalytic sets {S i } i≥1 such that S = i≥1 S i and the family {S i zar } i≥1 is locally finite (after eliminating repetitions).
Before proving Proposition 3.7 we need some preliminary work. The following result is a kind of weak version of Proposition 3.7 for open C-semianalytic sets.
Lemma 3.8. Let U ⊂ M be an open C-semianalytic set. Then there exists a locally finite countable family {U k } k≥1 of open basic C-semianalytic sets such that U = j≥1 U j .
Proof. It is enough to prove: there exists a locally finite countable family
For each x ∈ M pick an open neighborhood U x such that U ∩ U x is an open global Csemianalytic set. As M is paracompact and it admits countable exhaustion by compact sets, there exists a countable locally finite open refinements W := {W j } j≥1 and W := {W j } j≥1 of U := {U x } x∈M such that Cl(W j ) ⊂ W j for each j ≥ 1. As the the closed sets Cl(W j ) and
for each j ≥ 1. Thus, the family {U j := U ∩ V j } j≥1 is countable, locally finite, its members are open global C-semianalytic sets and satisfies U = j≥1 U j , as required.
The following result allows to reduce the proof of Proposition 3.7 to the advantageous case of open C-semianalytic subsets of real analytic manifolds. Its proof is quite similar to and less technical than the one of Lemma 3.12 below. We leave the concrete details to the reader.
Lemma 3.9. Let S ⊂ M be a tame C-semianalytic set. Then there exists finitely many Canalytic sets Z 1 , . . . , Z r and finitely many open C-semianalytic sets
We are ready to prove Proposition 3.7.
Proof of Proposition 3.7. We prove first the 'only if' implication. By Lemma 3.9 we may assume S = Z ∩ U where Z is a C-analytic set, U is an open C-semianalytic set, S is a real analytic manifold and Z is the Zariski closure of S. Let {C } ≥1 be the collection of the connected components of Z ∩ U . Notice that the Zariski closure C zar is an irreducible component of Z.
Each C-semianalytic set C is an open subset of Z, so by Lemma 3.4 there exists an open Csemianalytic set V such that C = Z ∩ V . By Lemma 3.8 we write V as a countable locally finite union V = j≥1 V j of open basic C-semianalytic sets. Consequently S j := Z ∩ V j is either empty or a basic C-semianalytic set whose Zariski closure is an irreducible component of Z. The collection {S ,j } ,j≥1 satisfies the required conditions.
We prove next the 'if' implication by induction on the dimension of S. If dim(S) = 0, then S is a C-analytic set and in particular it is tame. Assume that the result is true if dim(S) < d and let us check that it is also true for dimension d.
Consider the C-analytic set X := i≥1 S i zar and let X be the union of Sing(S i zar ) and the
In addition, the countable family {S i ∩X } i≥1 is locally finite and
is locally finite (after eliminating repetitions). By induction hypothesis S ∩ X = i≥1 S i ∩ X is a tame C-semianalytic set. It only remains to check: S \ X is a tame C-semianalytic set.
Notice that S i \ X is either empty or a basic C-semianalytic set of dimension d. We claim: S i \X is an open subset of the real analytic manifold X \X for each i ≥ 1, so the C-semianalytic set S \ X = i≥1 S i \ X is an open subset of X. Consequently, S \ X is by Lemma 3.4 a tame C-semianalytic set. As a consequence of Proposition 3.7 we find a sufficient condition under which a countable locally finite union of tame C-semianalytic sets keeps tame.
Corollary 3.10. Let {S i } i≥1 be a locally finite collection of tame C-semianalytic sets such that the family {S i zar } i≥1 is locally finite (after eliminating repetitions). Then S = i≥1 S i is a tame C-semianalytic set.
Proof. For each i ≥ 1 there exists by Proposition 3.7 a countable family {S ij } j≥1 of basic C-semianalytic sets such that S i = j≥1 S ij and the family {S ij zar } j≥1 is locally finite (after eliminating repetitions). Notice that {S ij } i,j≥1 is a countable family of basic C-semianalytic sets. As S ij zar ⊂ S i zar for each i, j ≥ 1 and the families {S i zar } i≥1 and {S ij zar } j≥1 are locally finite (after eliminating repetitions), we conclude that the family {S ij zar } i,j≥1 is also locally finite (after eliminating repetitions). By Proposition 3.7 we conclude that S = i≥1 S i = i,j≥1 S ij is tame, as required.
3.C. Images of tame C-semianalytic sets under proper holomorphic maps. Before proving Theorem 1.1 we need some preliminary work. Let (X, O X ) be a reduced Stein space endowed with an anti-involution σ such that its fixed part space X σ is non-empty. Let A(X) ⊂ O(X) be the subring of all invariant holomorphic sections of O(X) and
there exists an open neighborhood U x such that S ∩ U x is a finite union of sets of the type {f = 0, g 1 > 0, . . . , g r > 0} where f, g i ∈ A(X σ ).
Lemma 3.11. Let Y be a C-analytic subset of X σ and let Z be the Zariski closure of Y in
is an open and closed subset of X σ \ Z, so Y \ Sing(Z) is a union of connected components of X σ \ Z, as required.
We develop next a useful presentation of A(X σ )-definable and tame C-semianalytic sets.
Lemma 3.12. Let S ⊂ X σ be an A(X σ )-definable and tame C-semianalytic set. Then there exist finitely many invariant complex analytic subsets Z 1 , . . . , Z r of X and finitely many open
Proof. We proceed by induction on the dimension d of S. If S has dimension 0, the result is clearly true. Assume the result true if the dimension of S is < d and let us check that it is also true if S has dimension d.
3.C.1. As S is a tame C-semianalytic set, there exist C-analytic sets Y 1 , . . . , Y s and open C- By Lemma 3.11 the C-semianalytic set Y \(Sing(Z )∪Z ) is a union of connected components of (X σ ∩ Z) \ ((Sing(Z ) ∪ Z )). By [ABF, Prop.3.5 
3.C.2. We claim:
(3.1) We only need to prove the inclusion from left to right. Let x ∈ S \ (Sing(Z ) ∪ Z ). We have to check that x ∈ Int X σ ∩Z (S \ C).
3.C.3. Define Z 1 = Z and U 1 = X σ \ Cl(X σ \ (S \ C)). It holds that Z 1 is an invariant complex analytic subset of X and U 1 is an open A(X σ )-definable C-semianalytic set by [ABF, Prop. 3.5] . We have
which is a real analytic manifold.
3.C.4. As S ∩(Sing(Z )∪Z ) is an A(X σ )-definable and tame C-semianalytic set of dimension < d, there exist by induction hypothesis finitely many invariant complex analytic subsets Z 2 , . . . , Z r of X and finitely many open A(X σ )-definable C-semianalytic subsets U 2 , . . . , U r of X σ such that
. . , r − 1 and
Observe that dim( 
is a complex analytic subset of X of dimension < d. 
is a tame C-semianalytic set, so we assume S = Z 1 ∩ V 1 . To soften notation write Z := Z 1 and V := V 1 . We proceed by induction on the dimension of S. If S has dimension 0, it is a discrete subset of X σ and as F is proper also F (S) is a discrete subset of Y τ , so it is tame. Assume the result true if the dimension of S is < d and let us check that it is also true if S has dimension d.
Let {Z α } α be the locally finite family of the irreducible components of Z. By Remmert's Theorem and Lemma A.3 {Y α := F (Z α )} α is a locally finite family of irreducible complex analytic subsets of Y . As F (S) = α F (V ∩ Z α ) and the family {Y α } α is locally finite, it is enough to show by Corollary 3.10 that F (V ∩Z α ) is a tame C-semianalytic set. Thus, we assume X, Y are irreducible, they have complex dimension d, F is surjective and S = V . By Lemma 3.13 there exist complex analytic subsets X ⊂ X and Y ⊂ Y of dimension < d such that: By induction hypothesis F (V ∩ X ) is a tame C-semianalytic set, so it is enough to prove that
(ii) After shrinking Y if necessary, we write S = r i=1 Z i ∩ V i where V i is an open Csemianalytic set and Z i is an invariant complex analytic subset of Y . As Y is Stein and
Observe that Z i is an invariant complex analytic subset of X and W i is an open C-semianalytic subset of X σ . As T is a union of connected components of
Thus, we may assume:
• S = Z ∩V where Z is an invariant complex analytic set and
is an invariant complex analytic set and
Let {Z α } α be the locally finite family of the irreducible components of Z . By Remmert's Theorem and Lemma A.3 {Y α := F (Z α )} α is a locally finite family of irreducible complex analytic subsets of Y . As T is a union of connected components of Z ∩ W , it holds that T ∩ Z α is a union of connected components of Z α ∩ W . As
and the family {Y α } α is locally finite, it is enough to show by Corollary 3.10 that F (T ∩ Z α ) is a tame C-semianalytic set. Thus, we may assume that X, Y are irreducible, they have complex dimension d and F is surjective. We have to prove that if V is an open C-semianalytic subset of Y τ and T is a union of connected components of
We proceed by induction on the dimension of X. If X has dimension 0, then T is a discrete set and as F is proper, F (T ) is also a discrete set, so it is tame. Assume the result for dimension < d and let us check that it is also true for dimension d. By Lemma 3.13 there exist complex analytic subsets X ⊂ X and Y ⊂ Y of dimension < d such that: As T ∩ X is a union of connected components of W ∩ X and dim(X ) < d, by induction hypothesis F (T ∩ X ) is a tame C-semianalytic set, so it is enough to prove that
By Lemma 3.8 V = j≥1 V j where {V j } j≥1 is a locally finite family of open basic Csemianalytic set. Fix j ≥ 1 and observe that T ∩F −1 (V j \Y ) is a union of connected components of
Thm. 3, pag. 141] a Stein space. In addition the map F j := F | X j : X j → Y j is proper and surjective. As
we deduce by [ABF, Prop. 3.5 
Example 3.14 (Tameness is not preserved by proper analytic maps with finite fibers). Let M := k≥1 S k where S k := {(x, y, z) ∈ R 3 : (x − k + 1 2 ) 2 + y 2 + (z − 2k) 2 = 4}, which is a locally finite union of pairwise disjoint spheres. Let
It holds that S := k≥1 S k is a tame C-semianalytic set. Let π : R 3 → R 2 , (x, y, z) → (x, y) be the projection onto the first two variables. Observe that ρ := π| M : M → R 2 is a proper map with finite fibers. However
is not tame as we have seen in Example 3.6.
3.D.
Tameness-algorithm for C-semianalytic sets. We end this section with an algorithm to determine if a C-semianalytic set is tame.
3.D.1. Zariski closure of tame C-semianalytic sets. The announced algorithm is based on the fact that while the behavior of the Zariski closure of general C-semianalytic sets can be wild, the Zariski closure of a tame C-semianalytic set behaves neatly.
Example 3.15 (Bad behavior of Zariski closure of C-semianalytic sets). For n ≥ 1 consider the basic C-semianalytic set
The family {S n } n≥1 is locally finite, so S := n≥1 S n is a C-semianalytic set. If x ∈ S and U x is a small enough C-semianalytic neighborhood of x, the Zariski closure S ∩ U x zar is a line. The collection {S zar n } of all these lines is not locally finite at the origin and S zar = R 2 .
Lemma 3.16 (Neat behavior of Zariski closures of tame C-semianalytic set). Let S ⊂ M be a tame C-semianalytic set and for each x ∈ M let U x ⊂ M be any open C-semianalytic neighborhood. Then
Proof. By Lemma 3.9 we may assume S = X ∩ W is a real analytic manifold where X is the Zariski closure of S and W is an open C-semianalytic set. Let {S i } i≥1 be the family of the connected components of S. Then
• S i is a pure dimensional connected tame C-semianalytic set.
• Each S zar i
is an irreducible component of X.
• S = i≥1 S i and X = i≥1 S i zar .
Let x ∈ Cl(S) and assume that x ∈ Cl(S i ) only for i = 1, . . . , r. Let C := M \ i≤r+1 Cl(S i ) and
3.D.2. Definition of the algorithm. Let S ⊂ M be a C-semianalytic set. Let X 1 be the union of the irreducible components of S zar of maximal dimension. Define
Assume we have already defined T 1 (S), . . . , T k (S) and let us define T k+1 (S). Let R k+1 := S \ k j=1 T j (S) and let X k+1 be the union of the irreducible components of R k+1 zar of maximal dimension. Consider
Theorem 3.17. Let S ⊂ M be a C-semianalytic set. The following assertions are equivalent
3.D.3. Preliminary properties of the operators
is a tame C-semianalytic set by Lemma 3.4.
(
Proof. Assertions (i) to (iv) are straightforwardly checked.
We claim:
As dim(Sing(X k )) < dim(X k+1 ) and R k+1 \ Sing(X k ) ⊂ R k+2 ⊂ R k+1 , we have
Thus, X k+1 = X k+2 , so T k+2 (S) = T k+1 (S).
Repeat the previous argument with the index k + 1 in the place of k and observe that in finitely many steps we achieve the statement.
3.D.4. Proof of Theorem 3.17. By 3.D.3 it follows that (ii) =⇒ (i).
To prove the converse we proceed as follows.
Step 1. We claim: For each k ≥ 1 it holds S = k j=1 T j (S) ∪ S k+1 where S k+1 is either empty or a tame C-semianalytic set such that S k+1 zar = R k+1 zar and dim(S k+1 ) < dim(T k (S)).
Let k ≥ 1 and assume S = L k ∪ S k where
R 1 := S 1 := S and S k is either empty or a tame C-semianalytic set such that S k zar = R k zar and
where L k+1 and S k+1 satisfy the corresponding properties.
If S k = ∅, then T k (S) = ∅ and it is enough to take S k+1 = ∅. Assume S k = ∅, so it is a tame C-semianalytic set such that S k zar = R k zar and dim(S k ) < dim(T k−1 (S)).
zar , which is tame because it is the intersection of two tame C-semianalytic sets. In addition S k ∩ R k+1 ⊂ S k+1 , so
We have to prove that S k+1 zar = R k+1 zar .
For each i = 1, . . . , r we have
. . , r. For i = 2, . . . , r the result is clear, so let us prove dim(
We conclude dim(S k+1 ) < dim(T k (S)).
Step 2. To finish we prove that there exists an index k ≥ 1 such that
As dim(X 1 ) = dim(S) < +∞, there exist only finitely many posible k's such that S k = ∅. Consequently, there exists k ≥ 1 such that S = k j=1 T j (S) = j≥1 T j (S), as required. Example 3.18. Consider the open C-semianalytic set
and let S 1 := {z = 0}. Define S := S 0 ∪ S 1 which is tame because it is the union of two tame Csemianalytic sets. Let S (3) be the set of points of S of local dimension 3 and let us check that it is not tame. Indeed, observe first that S (3) = S 0 ∪Cl(S 0 ∩{z = 0}). Assume by way of contradiction that S (3) is tame. Then also S := S (3) ∩ {z = 0} = Cl(S 0 ∩ {z = 0}) should be tame. To prove that S is not tame we apply Lemma 3.17. Observe that X 1 = {z = 0}, T 1 (S ) = S 0 ∩ {z = 0}, R 2 = Cl(S 0 ∩ {z = 0}) \ (S 0 ∩ {z = 0}), X 2 = {z = 0}, T 2 (S ) = S 0 ∩ {z = 0} and S = T 1 (S ). By Theorem 3.17 S is not tame, so S (3) is not tame.
Irreducible tame C-semianalytic sets
A tame C-semianalytic subset S of a real analytic manifold M is irreducible if the ring O(S) is an integral domain. This notion extends both the concepts of irreducible C-analytic set and irreducible semialgebraic set [FG, 3.2] . 4.A. Basic properties concerning irreducibility. One deduces straightforwardly the following facts concerning irreducibility:
(i) Irreducible tame C-semianalytic sets are connected because the ring of analytic functions of a disconnected tame C-semianalytic set is the direct sum of the rings of analytic functions of its connected components, so it contains zero divisors. In particular, a real analytic manifold is irreducible if and only if it is connected.
(ii) The Zariski closure S
(iii) A tame C-semianalytic set that is the image of an irreducible tame C-semianalytic set under an analytic map is irreducible. In particular, the irreducibility of tame C-semianalytic sets is preserved under analytic diffeomorphisms.
(iv) Let T ⊂ S ⊂ R n be tame C-semianalytic sets such that T is irreducible. Then the ideal
is a prime ideal of O(S) because O(T ) is an integral domain and I(T, S) is the kernel of the restriction homomorphism
Example 4.1. The previous notion has a misleading behavior if we extend it to arbitrary Csemianalytic sets. Let U ⊂ R 3 be an open connected neighborhood of S := k≥0 S k where
is an integral domain because S is connected. Thus, S should be irreducible, even if we feel that it should not. Note that S ( ) := k=0 S k is reducible for all . Its irreducible components are {z 2 − (y − k)x 2 = 0, y ≥ 0} for 0 ≤ k ≤ . Lemma 4.2. Let S be a tame C-semianalytic set. The following assertions are equivalent:
(ii) =⇒ (iii) Let f ∈ O(U ) be an analytic extension of f to an open neighborhood U ⊂ M of S. As f vanishes on a subset of maximal dimension of the irreducible C-analytic set S
(iii) =⇒ (i) Let f 1 , f 2 ∈ O(S) be such that f 1 f 2 ≡ 0. Let x ∈ S be such that the germ S x is regular of maximal dimension. As S x is irreducible, we may assume f 1 is identically zero on an open neighborhood of x in S. Thus, dim(Z(f 1 )) = dim(S), so f 1 ≡ 0. Consequently, S is irreducible.
4.B. Normalization and irreducibility. We are ready to prove Theorem 1.2 that relates irreducibility with connexion in the normalization of the complexification of the Zariski closure. 4.B.1. Suppose first π(T ) = S for some connected component T of π −1 (S). Assume M is imbedded in R n as a closed real analytic submanifold and X is a complex analytic subset of C n . Let {T i } i≥1 be the connected components of π −1 (S). As S is invariant,
Define C := Y \ Θ which is a closed invariant subset of Y that does not intersect π −1 (S). As π is proper and invariant, π(C) is an invariant closed subset of X. It holds S ∩ π(C) = ∅, so π −1 (S) ∩ π −1 (π(C)) = ∅. Substituting C by the invariant closed set π −1 (π(C)), we may assume that C = π −1 (π(C)), so the restriction map π| Y \C : Y \ C → X \ π(C) is proper and surjective. Define Ω := C n \ π(C) and U := Ω ∩ M , which is an open neighborhood of S in M . 4.B.3. As S zar U is irreducible, the complex Zariski closure Z of S zar U in Ω is irreducible, it is contained in X and its dimension equals dim R (S) = dim R (X) = dim C ( X). Thus, it is an irreducible component of X := X ∩ Ω. In addition (Y := π −1 ( X ), π| Y ) is by Remark 2.2 the normalization of X . Thus, there exists a connected component K of Y such that Z = π(K).
as required.
Remarks 4.3. (i) Let Y σ be the set of fixed points of σ. Recall that if X is coherent, π −1 (X) = Y σ , see [GMT, Thm. 3.14] . If such is the case, the connected component T in the statement of Theorem 1.2 is contained in Y σ .
(ii) If X is not coherent but π(π −1 (S) ∩ Y σ ) = S, we cannot assure that the connected component T of π −1 (S) such that π(T ) = S satisfies in addition π(T ∩ Y σ ) = S. Let X be the irreducible C-analytic set of equation x 4 − z 2 (4 − z 2 )y 4 = 0. Consider the C-semianalytic set S := (X ∩ {0 < z < 1, y = 0}) ∪ {x = 0, y = 0, −1 < z < 1}. Consider the analytic diffeomorphism
Observe that
is analytically equivalent to Whitney's umbrella, so it is irreducible. The complex analytic set X := {x 4 − z 2 (4 − z 2 )y 4 = 0} ⊂ C 3 is a complexification of X. Its normalization is the nonsingular complex analytic set Y := {u 2 − vz = 0, v 2 + z 2 − 4 = 0} ⊂ C 4 together with the holomorphic map π : Y → X, (y, z, u, v) → (uy, y, z). We have π −1 (S) = T 1 ∪ T 2 ∪ T 3 ∪ T 4 where
The connected components of π −1 (S) are
Irreducible components of a tame C-semianalytic set
The next natural step is to explore the notion of irreducible components of a tame Csemianalytic set (see Definition 1.3 and Theorem 1.4). This theory shall generalize theories of irreducible components for particular cases of tame C-semianalytic sets as: C-analytic sets, complex analytic subset of a Stein manifold (endowed with their underlying real structure) and semialgebraic sets. More precisely, (i) If X is a C-analytic set, its irreducible components {X i } i≥1 as a C-analytic set coincides with the ones obtained if we consider X as a tame C-semianalytic set.
Proof. Let us check that {X i } i≥1 satisfies the conditions in Definition 1.3. Only condition (2) requires a comment. Let X 1 ⊂ T ⊂ X be an irreducible tame C-semianalytic set. By Lemma 5.6 below there exists j ≥ 1 such that X 1 ⊂ T ⊂ X j , so j = 1 and T = X 1 , as required.
(ii) Recall that if X is an irreducible complex analytic subset of a Stein manifold [N1, IV. §1.Cor.1, pag.68], then Reg(X) := X \Sing(X) is connected. If we consider the real structure (X R , O R X ) induced by X, we deduce that X R is irreducible as a C-analytic set. In addition if X is a general complex analytic subset of a Stein manifold, the irreducible components of X are by [N1, IV. §1.Cor.2, pag.67] the closures in X of the connected components of Reg(X). Consequently the irreducible components of X and the irreducible components of X R as a C-analytic set coincide. Thus, the irreducible components of X as a complex analytic set coincides with the ones obtained if we consider X as a tame C-semianalytic set.
(iii) If S is a semialgebraic set, its irreducible components as a semialgebraic set coincides with the ones obtained if we consider X as a tame C-semianalytic set [FG, 3.2, 4 .1].
We prove next the existence and the unicity of the family of irreducible components of a tame C-semianalytic set in the sense of Definition 1.3. To get advantage of the full strength of the algebraic properties of the ring O(S) we introduce first some milder concepts and study their main properties.
5.A.
Weak irreducible components of a tame C-semianalytic set. Let S ⊂ M be a subset. We say that T ⊂ S is an S-tame C-semianalytic set if there exists an open neighborhood U ⊂ M of S such that T is a tame C-semianalytic subset of U . There is no ambiguity to say that an S-tame C-semianalytic set T ⊂ S is irreducible if O(T ) is an integral domain. Given a tame C-semianalytic set S ⊂ M and an S-tame C-semianalytic set T ⊂ S, we define the ideal of T with respect to S as
Definition 5.1 (Weak irreducible components). Let S ⊂ M be a tame C-semianalytic set. A countable locally finite family {S i } i≥1 in S of S-tame C-semianalytic sets is a family of weak irreducible components of S if the following conditions are fulfilled:
Theorem 5.2 (Existence and uniqueness of weak irreducible components). Let S ⊂ R n be a tame C-semianalytic set. Then there exists the family of weak irreducible components {S i } i≥1 of S and it is unique. In addition it satisfies
(ii) The ideals I(S i , S) are the minimal prime (saturated) ideals of O(S). Let X be the zero set of the O U -coherent sheaf F, which is a C-analytic subset of U . As
Lemma 5.4. Let S ⊂ M be a semianalytic set and let a be an ideal of O(S). Denote T = Z(a). Then for each f ∈ O(T ) there exists g ∈ O(S) such that Z(f ) = Z(g).
Proof. By Lemma 5.3 there exists an open neighborhood
It holds: X := X ∩ U 1 = X ∩ V is a C-analytic subset of U 1 .
Let g be an analytic equation of X in V and consider the O U 1 -coherent sheaf of ideals
As X is the zero set of F, we conclude that X is a C-analytic subset of U 1 .
In addition S ∩ X = S ∩ X ∩ V = T . Let h ∈ O(U 1 ) be an analytic equation of X in U 1 and consider the O U 1 -coherent sheaf of ideals
Its zero set is a C-analytic subset of U 1 , so there exists g ∈ O(U 1 ) such that its zero set coincides with the zero set
Lemma 5.5. Let S ⊂ M be a tame C-semianalytic set and let a be an ideal of O(S). Then (ii) Recall that if T = Z(a) is irreducible, then I(T, S) is prime (see 4.A(iv)). Conversely, assume that I(T, S) is prime and let f 1 , f 2 ∈ O(T ) be such that f 1 f 2 = 0. By 5.4 there exist analytic functions g 1 , g 2 ∈ O(S) such that Z(g i ) = Z(f i ) for i = 1, 2. Thus, Z(g 1 g 2 ) = Z(f 1 f 2 ) = T , so g 1 g 2 ∈ I(T, S). As I(T, S) is a prime ideal, we assume g 1 ∈ I(T, S). Thus, Z(f 1 ) = Z(g 1 ) = T , so f 1 = 0. Consequently, O(T ) is an integral domain and T is irreducible.
Lemma 5.6. Let S ⊂ T ⊂ E ⊂ M be E-tame C-semianalytic sets such that S is irreducible and let {T i } i≥1 be a family of E-tame C-semianalytic sets. Assume
Then there exists i ≥ 1 such that S ⊂ T i .
Proof. As S is irreducible, I(S, E) is a saturated prime ideal of O (E) . The family of saturated ideals {I(T i , E)} i≥1 is locally finite and i≥1 I(T i , E) = I(T, E) ⊂ I(S, E). By Lemma 2.4 I(T i , E) ⊂ I(S, E) for some i ≥ 1, so S ⊂ Z(I(S, E)) ⊂ Z(I(T i , E)) = T i , as required.
As a straightforward consequence of Lemma 5.6 and Theorem 5.2 proved below, we have:
Corollary 5.7. Let S ⊂ M be a tame C-semianalytic set and let {S i } i≥1 be the family of the irreducible components of S. Then S k ⊂ i =k S i for each k ≥ 1.
5.A.2. Proof of Theorem 5.2. We divide the proof into two parts:
Existence of the weak irreducible components. Let I(S) = i≥1 p i be a locally finite (irredundant) primary decomposition of I(S). As I(S) is a radical ideal, the ideals p i are by Corollary 2.8 prime ideals of the ring H 0 (S, O M | S ). We have:
• S i := Z(p i ) ⊂ S is by Lemma 5.3 an S-tame C-semianalytic set.
• S = i≥1 S i .
• The family {S i } i≥1 is locally finite in S.
We claim: Each S-tame C-semianalytic set S i is irreducible and I(Z(p i ), S) = p i for i = 1, . . . , .
By Lemma 5.5 it is enough to show that I(Z(p i ), S) ⊂ p i for each i ≥ 1. As the primary decomposition is irredundant,
The S-tame C-semianalytic sets S i for i ≥ 1 satisfy conditions (1), (3), (4) in Definition 5.1. Let us check that they also satisfy condition (2).
Indeed, let S i ⊂ T ⊂ S be an irreducible tame C-semianalytic set. By Lemma 5.6 there exists j ≥ 1 such that S i ⊂ T ⊂ S j , so p j ⊂ p i . As p i is a minimal prime ideal between those containing I(S), we deduce p j = p i , so S i = T = S j , as required.
Uniqueness of weak irreducible components. Let {S i } i≥1 be the family of weak irreducible components constructed above and let {T j } j≥1 be another family of weak irreducible components of S satisfying the conditions in Definition 5.1. By Lemma 5.6 each T i ⊂ S j for some j ≥ 1. By condition (2) in Definition 5.1 we have T i = S j . It follows straightforwardly by Lemma 5.6 that {S i } i≥1 = {T j } j≥1 , as required. 5.A.3. Neat behavior of the weak irreducible components. We show that the behavior of the Zariski closure of a tame C-semianalytic set S in a small enough open neighborhood U ⊂ M of S with respect to the weak irreducible components is neat.
Proposition 5.8. Let S ⊂ M be a tame C-semianalytic set. There exist an open neighborhood U ⊂ M of S such that if X := S zar and {X i } i≥1 are the irreducible components of X, then
is the family of the weak irreducible components of S and X i := S i zar for i ≥ 1.
In particular, if S is a global C-semianalytic subset of M , each S i is a global C-semianalytic subset of U .
Proof. For each i ≥ 1 there exist by Lemma 5.3 an open neighborhood
As the family {S i } i≥1 is locally finite in S, we may assume after substituting M by an open neighborhood of S that the family {S i } i≥1 is locally finite in M . Indeed, for each x ∈ S let U x ⊂ X be an open neighborhood of x such that only finitely many S i meet U x . It is enough to take M := x∈Y U x instead of M .
By Lemma A.1 there exists a locally finite family {U i } i≥1 of open neighborhoods U i ⊂ U i of S i . As S i is a tame C-analytic subset of U i , the Zariski closure Y i ⊂ Y i ∩ U i of S i in U i has its same dimension. Each Y i is a closed subset of U i and it holds
Notice that Y i is a C-analytic subset of U because it is the zero set of the coherent sheaf on U :
As S i is irreducible, the Zariski closure
The family {X i } i≥1 is locally finite because X i ⊂ U i and the family {U i } i≥1 is locally finite.
Putting all together, we are done.
5.B. Irreducible components of a tame C-semianalytic set. Our next purpose is to prove the existence and uniqueness of the family of the irreducible components of a tame Csemianalytic set S ⊂ M . The strategy is to show that the weak irreducible components are in fact the irreducible components of S. Once this is done Theorem 1.4 follows from Theorem 5.2 and Proposition 1.5 is only a reformulation of Proposition 5.8. In the following S ⊂ M denotes a tame C-semianalytic set.
Theorem 5.9. The family of the weak irreducible components of S is a family of irreducible components of S. In addition, the family of the irreducible components of S is unique.
The crucial step to prove Theorem 5.9 is the following result.
Theorem 5.10. The weak irreducible components of S are tame C-semianalytic sets and constitute a locally finite family of M .
Before proving Theorem 5.10 we need some preliminary work. We denote the family of the weak irreducible components of S with {S i } i≥1 .
Lemma 5.11. For each i ≥ 1 there exists an open C-semianalytic set U such that S ∩U = S i ∩U is a real analytic manifold of dimension dim(S i ).
Proof. For simplicity we prove the result for S 1 . By Corollary 5.7 S 1 ⊂ j>1 S j . Let V ⊂ M be an open neighborhood of S such that S 1 is a tame C-semianalytic subset of V and let X 1 be the Zariski closure of S 1 in V . By Lemma 5.3 we may assume after shrinking V that there exists h ∈ j>1 I(S 1 , S) ∩ O(V ) such that Z(h) ∩ S = j>1 Z(I(S 1 , S)). As S 1 is irreducible and S 1 ⊂ j>1 S j , we deduce by Lemma 4.2 that dim(
Observe that U satisfies the conditions in the statement.
Proposition 5.12. The equality dim(S i zar ) = dim(S i ) holds for i ≥ 1 and the family {S i zar } i≥1 is locally finite after eliminating repetitions.
Proof. As S is tame, there exists by Theorem 3.17 and 3.D.3 (vi) and index r ≥ 1 such that S = r k=1 T k (S) and dim(T k+1 (S)) < dim(T k (S)). Recall that each T k (S) is a real analytic manifold. For each i ≥ 1 there exists by Lemma 5.11 an open C-semianalytic set U i such that
5.B.2. Let X be an irreducible complexification of the irreducible C-analytic set X. Recall that if Ω is an open subset of X, then the irreducible components of Ω are all pure dimensional and coincide with the closures of the connected components of the complex analytic manifold Ω \ Sing( X). Let ( X R , O R X ) be the underlying real analytic structure of ( X, O X ). Notice that Reg( X R ) = Reg( X) and the irreducible components of Ω R arise as the underlying real structures of the irreducible components of Ω.
an anti-involution whose fixed locus is X R . Recall that Sing(
Stein. The anti-involution on Z 1 extends to an anti-involution σ on Y such that π • σ = σ • π, see [GMT, IV.3.10] . Denote the set of fixed points of σ with Y σ := {y ∈ Y : σ(y) = y}. As the restriction π| : and {T i } i≥1 are the irreducible components of T , we may assume
is an open and closed subset of R := π −1 (S) ∩ Y σ , so R 1 is a union of connected components of R. We claim: π(R 1 ) = S 1 .
Indeed, Ω R
1 is the closure of the connected component Ω R 1 \ Sing(Z 1 ) of Ω R \ Sing(Z 1 ). As the restriction π| :
5.B.7. As R 1 is a union of connected components of R, we deduce by Theorem 1.1(ii) that
As O X,x contains no nilpotent element for each x ∈ X (recall that we have considered on X the well-reduced structure, see 2.E.1), it holds that (X, O X ) is a closed subspace of (
). Consequently, S 1 is a tame C-analytic subset of X. As X ⊂ M is a C-analytic set, S 1 is by Cartan's Theorem B a tame C-analytic subset of M , as required.
Part 2. Local finiteness in M of the family of the weak irreducible components of S. By Proposition 5.12 it is enough to prove the following: Let X := S i zar for some i ≥ 1 and let
We may assume that the Zariski closure of S is X (see 5.B.1). Let ( X, O X ) be a complexification of (X, O X ) an let (Y, π) be its normalization. Let V ⊂ M be an open neighborhood of S such that the irreducible components {T i } i≥1 of T := S zar V satisfy S i = S ∩ T i (use Proposition 5.8). The family {T j } j∈F is a collection of irreducible components of X ∩V of its same dimension. Let Ω be an open neighborhood of X ∩ V in X such that Ω ∩ X = X ∩ V and for each irreducible component X of X ∩ V there exists an irreducible component Ω of Ω such that Ω ∩ X = X . Let Ω j be the irreducible component of Ω such that Ω j ∩ V = T j for j ∈ F.
By Remark 2.2 (Θ := π −1 (Ω), π| Θ ) is the normalization of Ω and for each j ∈ F there exists a connected component Θ j of Θ such that π(Θ j ) = Ω j and (Θ j , π| Θ j ) is the normalization of Ω j . As π −1 (S) ⊂ Θ, the intersection π −1 (S) ∩ Θ j is a union of connected components of π −1 (S). We claim: π −1 (S) ∩ Θ j = π −1 (S j ) ∩ Θ j . In particular, each connected component of π −1 (S j ) ∩ Θ j is a connected component of π −1 (S).
As π(Θ j ) = Ω j and Ω j ∩ S = Ω j ∩ X ∩ S = T j ∩ S = S j , we deduce
Fix j ∈ F. As X is the Zariski closure of S j in M , there exists by Theorem 1.2(i) a connected component R j of π −1 (S j ) such that π(R j ) = S j . As S j ⊂ Ω j , we deduce that R j ⊂ Θ j , so R j is a connected component of π −1 (S j ) ∩ Θ j . Consequently, R j is a connected component of π −1 (S). As π −1 (S) is a semianalytic subset of the underlying real analytic structure (Y R , O R Y ) of (Y, O Y ), the family of its connected components is by [BM, 2.7] locally finite. Consequently, the family {R j } j∈F is locally finite. By Lemma A.3 the family {S j = π(R j )} j∈F is locally finite in X, so it is locally finite in M , as required.
Proof of Theorem 5.9. By Definition 5.1 and Theorem 5.10 the family of weak irreducible components of S is a family of irreducible components of S. Let us prove next that the family of irreducible components of S is unique.
Let {S i } i≥1 be the family of the weak irreducible components of S and let {T j } j≥1 be a family of irreducible components of S satisfying the conditions of Definition 1.3. By Lemma 5.6 there exists an index i ≥ 1 such that T j ⊂ S i for each j ≥ 1. By condition (2) in Definition 1.3 we have T j = S i . By Corollary 5.7 we conclude {T j } j≥1 = {S i } i≥1 , so the family of irreducible components of S is unique.
Example 5.14. The irreducible components of a pure dimensional tame C-semianalytic set need not to be pure dimensional. Let S := T 1 ∪ T 2 ∪ T 3 ⊂ R 3 where By Proposition 5.8 and Theorem 5.9 the irreducible components of X are the intersections S 1 := S ∩ {x 3 = 0}, S 2 := S ∩ {x 2 = 1} and S 3 := S ∩ {x 2 = −1} and none of them is pure dimensional.
Figure 6. Irreducible components S 1 , S 2 and S 3 of S (Example 5.14)
5.C. Irreducible components vs connected components. Let S ⊂ M be a tame Csemianalytic set and let {S i } i≥1 be the family of its irreducible components. Let X be the Zariski closure of S and let ( X, σ) be a complexification of X together with the anti-involution σ : X → X whose set of fixed points is X. Let (Y, π) be the normalization of X and let σ : Y → Y be the anti-holomorphic involution induced by σ in Y , which satisifies π • σ = σ • π. We study next if the irreducible components of S can be computed as the images of some of the connected components of π −1 (S). The following example shows that this is not true in general. However, we show in Proposition 5.16 that under certain conditions (achieved in Proposition 5.8), the result is true.
Example 5.15. Consider the tame C-semianalytic subset S := S 0 ∪ S 1 ∪ S 2 ∪ S 3 of R 4 where S 0 := {x 2 − zy 2 = 0, z > 0}, S 1 := {x = 0, y = 0, w = 0, z < 0}, S 2 := {x = 0, y = 0, w + z = −1, z < 0}, S 3 := {x = 0, y = 0, w − z = 1, z < 0}.
The irreducible components of S are S 0 , S 1 , S 2 and S 3 . The Zariski closure of S is X := {x 2 − zy 2 = 0} ⊂ R 4 . Consider the complexification X := {x 2 − zy 2 = 0} ⊂ C 4 and its normalization π : Y := C 3 → X, (s, t, w) → (st, s, t 2 , w). Observe that π −1 (S) = 6 i=0 T i where T 0 := {(s, t, w) ∈ R 3 : t = 0}, T 1 := {(0, √ −1t, 0) ∈ C 3 : t > 0}, T 4 := {(0, − √ −1t, 0) ∈ C 3 : t > 0}, T 2 := {(0, √ −1t, −1 + t) ∈ C 3 : t > 0}, T 5 := {(0, − √ −1t, −1 + t) ∈ C 3 : t > 0}, T 3 := {(0, √ −1t, 1 − t) ∈ C 3 : t > 0}, T 6 := {(0, − √ −1t, 1 − t) ∈ C 3 : t > 0}.
In addition π(T 0 ) = S 0 , π(T 1 ) = π(T 4 ) = S 1 , π(T 2 ) = π(T 5 ) = S 2 and π(T 3 ) = π(T 6 ) = S 3 . Observe that T 1 ∩ T 2 ∩ T 3 = {(0, √ −1, 0)} and T 4 ∩ T 5 ∩ T 6 = {(0, − √ −1, 0)}}. Consequently, π −1 (S) has three connected components C 0 := T 0 , C 1 := T 1 ∪ T 2 ∪ T 3 and C 2 := T 4 ∪ T 5 ∪ T 6 , while S has four irreducible components.
Before stating the following result we refer the reader to Proposition 5.8. As S i is a tame C-semianalytic set, there exists by Theorem 1.2 a connected component T i of π −1 (S) ∩ Y i such that π(T i ) = S i . Observe that T i is a connected component of π −1 (S), as required.
Appendix A. Some properties of locally finite families
We recall in this appendix certain properties of locally finite families of a topological space for the sake of completeness.
Lemma A.1. Let X be a paracompact second countable topological space and let {T k } k≥1 be a locally finite family of subsets of X. For each k ≥ 1 let V k be an open neighborhood of T k in X.
Then there exist open neighborhoods U k ⊂ V k of T k in X such that the family {U k } k≥1 is locally finite in X.
Proof. For each x ∈ X there exists an open neighborhood W x of x that meets only finitely many T k . The family {W x } x∈X is an open covering of X. Thus, it has an open refinement {W } ≥1 which is countable and locally finite in X. Define U k := W ∩T k =∅ W and observe that T k ⊂ U k . We claim: The family {U k } k≥1 is locally finite in X.
Fix a point x ∈ X and let V x be a neighborhood of x which intersects finitely many W , say W 1 , . . . , W r . The union r j=1 W j meets only finitely many T k , say T k 1 , . . . , T ks . If k = k 1 , . . . , k s , the intersection U k ∩ V x = ∅.
To finish take U k := U k ∩ V k .
Lemma A.2. Let X be a topological space. Let {Ω k } k≥1 be a locally finite family of open subsets of X and for each k ≥ 1 let T k ⊂ Ω k be a closed subset of Ω k . Let Y be a subset of X and suppose that T k ∩ Y is closed in Y for all k ≥ 1. Then there exists an open neighborhood Ω ⊂ X of Y such that Ω ∩ T k is a closed subset of Ω for all k ≥ 1.
Proof. As the family {Ω k } k≥1 is locally finite in X, so are the families {T k } k≥1 , {Cl(T k )} k≥1 and {Cl (T k We check first: Y ⊂ Ω.
As T k ∩ Y is closed in Y , we have Cl (T k 
Next, we show: Each intersection T ∩ Ω is closed in Ω for ≥ 1.
As Ω is open in X, we have Cl Ω (T ∩Ω) = Cl(T )∩Ω. Thus, it is enough to show Cl(T )∩Ω ⊂ T for each ≥ 1.
Indeed, since T is closed in Ω , we have Cl(T ) ∩ Ω = T . As Cl(T ) \ Ω ⊂ C k for k = ,
Lemma A.3. Let π : Y → X be a proper map with finite fibers between two topological spaces. Let {A i } i∈I be a locally finite family of Y . Then {π(A i )} i∈I is a locally finite family of X.
Proof. Let x ∈ X and write π −1 (x) := {y 1 , . . . , y r }. For each j = 1, . . . , r let V j be an open neighborhood of y j that only intersects finitely many A i . Let C := Y \ r j=1 V j , which is a closed subset of Y . As π is proper, π(C) is closed. As π −1 (x) ∩ C = ∅, we have x ∈ π(C), so U := X \ π(C) is an open neighborhood of x. Let us check that if π(A i ) ∩ U = ∅ then there exists j = 1, . . . , r such that A i ∩ V j = ∅. Thus {π(A i )} i∈I is a locally finite family of X.
Suppose by contradiction that A i ∩V j = ∅ for all j = 1, . . . , r. Then A i ⊂ C, so π(A i ) ⊂ π(C) and π(A i ) ∩ U = ∅, which is a contradiction, as required.
